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llabusoverview (see blouses)

OH : this week Fri llan-1pm
,

403 Physics S

Startof Material

Puerto Rico
,

1
.
5hr W of San Jose i CIBO Radio Observatory

osn,

174 Russell Hulse & Joseph Taylor

Radio signalhom Pulsar 20
,
000 lyn

nenken-star
T= 59ms

spinEt
e M st(ms)

59 lig

7. 75 br
1

Noticed IIIIII 11 I i D I I /(1) 1 1 I Il e

~ ( Me zs

.

-
Period of orbit of binary system is T= 7. 7 5hr

⑪
M

,

M,
= M = 1 . 4 Mo

,
Mo: mass of sun = 2x10"g

o Ro = radius of Sun = 7 x 100m

1
. IRp. R E4

. 8R0 => 2 = eccentricity -> large

Kepler -> ellipse

C . O
.
M.

- "apholion"-> "apastion"

-
"perihelion" -"periostrom"

F= 7
.
7 5hr

↳-*--Observed over a decade : 111 &

↑ decreases by 76 ms = 7
.
6 x 10 s

par year

Therefore
,

we observe
ey

lass
,
which is NOT accounted for by Newtonian physics.

However
,
General Relativity (GR) predicts Gravitational Waves (GW) :

(
-

2)
Power P = -Gm5 ,

G = Newton's constant = 6 . 67 x 10ise⑭ (Later on G = 1)



EDM : sychronic radiation

-
-

90a
acceleration a Pi- E) -> similar to abre

I

solarsystem PE-200W

Hulse-Taylor P = -F x 10"W

1983 : Hulse-Taylor announce indirect detection of GW

1993 : Nobel Prize !

49

2015 : L160 direct detection P = 3
.
6 x10 W

2017 : Nobel Prize : Barish
,

Wais
,
Thorne

Newtonian Gravitation

= mdr , = mini I i
These are instantaneous ! We can say same thing about Contomb's Law...

The solution in EdM is - Fields
.

Aside : Asian Units

E, B same units
,
E= q(E + 1 xB)

Maxwell'sEquations

⑤ . E = 4πf

·exE-do*.B = 0

Try to fix gravity by combining with EDM :

Gravitoelectromagnetism Equations
5 . E =

-

449: x E = -toa

G

*.B = 0 xB= -Hi

Problem with the sign change is energy conservation :U = ESoEP + <T BY (SI)
E =

- (E2 + B: ) dU + Ziki
i "Kinetic energy

regativeenergleads
to instabilitienergya



↳2-1/18 Special Relativity (SR)

- Notation/Terminology
- Hydrodynamics 2 : 14 PM : STRING THEORY MENTIONED !!!

WHAT IS IR" ????

Terminology

Spacetime (<t, x
, y,
z)

x = ct
,
x = x , * = y ,

x = E

Spacetimediagram (dgml

#. Event
= print in spacetimea

--

"ordinatesystem assiges 4 It's to every event -> (x, x' , x2
,
x

L1

space
units of time -> 1

&

Reference Frame (RF) : same as word. system

ObserverSamerasTest Law holde
F = 0 => x = 2 t

, y = Vet
,

z = v
,

t

Line : Set of events that describe a particle
x

i
Events denated by A,

B
,

C,
...

spacetimewords x*,&F 01s .Ispace-only coards : Xa a
,

b
,
c
...

= 1
,

2, 3

En a particular RF : Can describe A
/ rotee

RF denoted K
,
K'

,
K"... Y



PastulatesR

① Laws are same in all initial RFs

② Speed of light c = 3x10
%

" in all initial RFs

i Isotropy - all directions are same

Homogeneity
1842 Doppler Effect

Us
-- Us Us = speed of sound (in K)
-/

K ->L teRoo
k(Lab)

f'x = i = on car

freq vanslength
+(ahead of car) AB (behind car)

fi = flu)
, +

=x( - = F(u)
, x =x(

↳

Diration:Otheras it
e Us-2

T
f'X = Us-v = = = (n)x

Not the case in SR
,
because "us-2 = Us" (no change of medium speed

Relativistic Doppler effect
1938 Ives - Stillwell

-
A

↑
B

Classical theory 1 Yo I -
- *es

vins-u) us Ustrlx-relativistic effect from *

us f r(-v) < UCCHU)
should observe source wavelength not in between

↑

IIIIIIII* For Ives-Stillwell alead and behind revelengths. Test is Ives-Stile

t
* Nuance : In relativity

,
there should be a sealing factor of V

=
due to time dillection

↳ f=
y



Sep: Vacuum Tube filled with He
-Stillwell : Moving H-alon ~

& B Phokers emittedl

e one
-> D ·

usEllement:.i= 4 -> 2 = 2 (Balmer Series) x = 4861 (blue) I
-

mirror moving Ht

-electrodes
-Measured speed of H : v = 0 . 005 I I

->

Difference : (8-1)(c1 2) = (V-1) C
,

(2- 14861A = 0
. 06 A Election Collision : He-> Hi -> H + H

+

toHeare
Compare frequency at A and B : V detected

a
x = vt = E x°

, PET
difference

Ki
A worldline : x = Bx A words are x

-.
x

-x

K' = RF of observer
,

x

*
= (ii) words of A in K'

Homogeneity => x
*

= linear expression in + x

Lightray

For a light ray x = x and x = x=.

/(3D : Light ray through origin : <t=y + 221)
-

xo

·:B D** = + - x*- A

9x cAt = <tB-ctq ,
dc

.

By pythagora tha, B=Bi + Ay + 1 z2 for any
two events along light ray.

Need to find
"Lorentz" / * x = to(xi, x, xjyy)

--x-> Transformation ->x * = f... (
j

.
---

/

K K
=> by_ Ax . . . . of a

a
*

= Matrix
-> (4x4 = (ax4)( ** %) >

b)/I I wheremonliner ifof aren't cost

R If that were the case
,

then we could violate homogeneity
(test the Lorentz transformation

Ax = A*At... to determine location)



Cond of Light Ray

K : 0 = (A x%-(Ax)"- (axY" - (1x)
*

K' : 0 = (Ax%-(Dx)"- (D) - (Ax )
*

Sen: Lorentz transformations

- . (i = Ou-Bo(e



↳3 - 1/23

Michelson-Morley expt.

O
Might expectc-> <IV as Earth moves through the cether

Earth-> ~

Interferometer
! Mirren

O L
. L Leentz contraction

-

La-T ~

source
n Beam Splitterlight

- ·- / /

Missor-

I
&

L

renteTransformations f Interference met found
.

t = V(t - x) v = f(u)
x= v(x- vt)
x = ct ⑭ Wockline of light say through originO

a

x
=
vt -! It

x = x
+

x = ct =- X(x-ut) = XC(t - Ex)

⑭ -> ( + E)x = (+2)t

- - x = (c +2)t = -x = ct IV Backwards is "showing" L.
T

. 's

Isotropy -All directions are the same

Ink'

E*Why-v ? 40
-> Er t = x = - ut

k K

Method1 : Algebrai

St - ~Ex = t

3
retrx = x

Sele drastais
Method2 : Isotropy

t = V (t+ 2x) Comes from interdenging KesK' in Lit
.

's

x = r(x +vt)

by comparison withR
.

1
.
=We "V-Sater"



Notation

B =Y din'less

Lorentz Gansform's in spacetime : x°= U** -UBt

x
"

- vBx +
2x} L .T.

's

~= IU

observe : 22- (VB)
"

= =

Reminds of cashs-sinhs = 1

· - E
e-ecosh3=te ,

sends e
,

Lahi
:

sentse
-&

e + 2

Find 3 "Rapidity" : cashi = U
,
sinh3 = Br -> B = tanh3

tamb 3 = B = W
M

- ................

↑-

~
3 opidity ,

-0 < 3 <0

- - x /

--------------
-

-I W

Leads to "CoordinateEansform Mation"

=L -

Useful for velocities K-> K

-

I↑etk -> watK = As**A_
=

--

K A

( 2

E
I

= asteb che) Lashes,
ne) = use -enh3) # 3 = 3see

Id's cash 3
:
Cash3

,
sinh 3

,

sid 3
,

= Cust15
,

+ 32)
cast3sinh E

,
+ sind 3,

cash 3
,

= sinh (3
,

+ 32)

i = tanks
, Ettach 32 ,

wa standBitda) : Citeds=



Time dilation
-

nx= ct LT
a /

&

·
Karisin worldline K : )x" , x") =

oteKiltivi k
· x = x

=

Rossi-Hall ( (mon) expt.

Mucus (22 generation Lepton)

mass = 100 M (EINC2 = M2 In
Lifetime -> Ep = 2

.
2x10 : TimeT->***

remaining with (ER) : # in# (RF of umon

In 2
.

2 x 10 s
, <Tp = 3x100 M/s x 2

.
2 x 10s = 660m

elert, gives
the exptically correct half-life.

LorentzContraction

n *

Rober length L in K'
-a

-
- Ever swept by rules
---
-I'

· Ink -
0xt c

+- L o x'EL

z

EK ? 0 EV(-rt EL
,

A fixed

= vtexet + wt

ID : Lightspeed carst. xictx+ch -

3D:
LS caust-ct-z = 0 = ct- x2 -y- zI

axSpacetime

I *
B

- Ori = /ite·

->

pacetimeInterval ! As by+ Dz - c At

Espatiae



For A-origin ,
B =

any event on worldline of lightway
Tthan=0

i
3 kinds of pains of events

· Time-like separated : Ds <O => CD+ z2

· Space-like separated : Ds0 = Atx+ z2

- These is RFK for which At = 0

· Null separated : As= 0=> Light say can pass through A,
B

Lorentz Transtermations

(k') (k)
D =A

As = As -> Actually ,
we only know As = 0 it As= 0

But, py :

As = 4 (2) DS2

!As = 0(-1) As => As
2

= 0(2) P(-2) As

6( = 072) = % = 1 = 4 = + 1 = 4 = 1

↳ -soln implices time revesal.

As= (Ax)
"

+ (Dx
2

+ (A2)*- (4x4

= (D* DX a* Ax) I" I10 = (b*** axmi e
4 = (+000) Minkonsli meete



As= by A

Lorentz transforms : D = A A*

As As = DD = Y A D

= Foral D :#Y Ad= * # #Y A = Y

↳ types ot As which salve :

o -UBO o

LT's .

-UB U O O Parity
,
Time reversalI

O O I
IO o I O

I ⑪

Rahs : I O O O

o luso-sio o

O
sin o Caso oI

O o O I
I



&4 Iscomp
Spacetime Interval (cAt

,

Dx
, By, Az)

Ds= -cDt2 + DX2 + Dy + Dz2
-
distance between 2 events

As > 0 : space-like separated

Ds o : time-like separated

As =0 null

If we take A - 10, 0
,

0
, 0

B +> (ct
,
x
, y,

z)

X
.

=0 Quedation les light come aroundA
Statee

Lorenty transformationA L

v

<

As(axi) = (Indi As = -&At +Bx +Bya

3
D x DS = - DE + Ax + Bi + De

* Mihous * As = As'" is required of A Pf:SV
e =

"

,
diagonal matrix As" = 6(v) As"

,
Ds = P(-w) As(

- I

I
"metric" Isotropy : $( = <(02) => As = 0 (

"

As

b =#(e)
,
As: DYA

=>(( = 11 -> 1

=-t + Ax + By + Dz2

D = b y =Dad = 2)
Componentiation

Einstein Summation convention :

-
a** - x - A ",DE

Rate : Include
for any

indexr

Map
= [,i= e v=o

that repeats
twice (IN PRODUCT)

i a + P

-a
As: AlTYD* = A* Yas&P



Group
O

in)* rotated crordinateStations (Analogy)=is) Ite · system- n

Al= Ax2 + Dy + Az2

wo ->Al =Al
should be

↓

↳Alg : Al = DDE = Dande = DA

=/=I
Soln

① Rotation ·
Co So

(· ) around by angl,a on = (200so arie↳ =

So C
O

② Parity
P2

"

+

- , I
win = I + w "octlrgoral ration" : Group 0(3) : whi

, whic I O(s)

=> i = which z t 0(3)

Solve ATMA = Y
time space

and with
,

E 0(b)

-> Lorentz Group O(1 , 3)

solutions : combinations of 4 things-

① Boost p : E
,

V=

In x direction : In y direction : and z...

I z O - VB O

I
O O

Note : detA : 1A = (s ,
I

I A us do I
100 O② actions

Az I0 Co -30 I
around z (x, y also)

O det
_

A = II
· sooe



=proper Lorentz transf

③ P : ( "

- ) & T: ' 1, ) detpedeft= -z

#onlyRotations
,
Boosts them

per Lorentz Group

AtyA = 1 = defA = =1 -> require det A =+ 1 -> special SO (1, 3)

SOCI3) includes PT= /"+
A & -

O
-

& -

ONote :

I -(... )() = Noe IO

- (#ol" + (10)" + (201" + (A)
"

= 1
2

+ 0
"

+ o " to
"

=

-

=> (Ao)" = 1 + posite, e

Require Ao > 0 & det A = 1 = S0
+
(1, 3)

Infinitesimal(Lie Algebra theory
A

,
= I + A

Ac = I + Az

raiseL
-

#(x)
K" # K"

,
but # = A" . Arutation "Thomas-Wigher Rotation"

A
, Az = (I+A

. ) (I +A2) = I + A, + Az + A
,
Ac

-

Ccommutator
Az A ,

: I + A
,

+ Ac + AcA ,
# A

, Az-AzA ,
=: [Ai

, Act of matrices



lationwond + (0 * e= I
S : =

0

O - A = I + 0 S
sI I( O

O

Boost In x dir
,
small B + V+ 1

1 = vo

Ve

, ) = - Be
O

I
z

y t I O 1
k, = ( % %0

. I K = I : :-
~ I O

I ...

InfinitesimalBoost

As = I + B ,
K

,

=

Az = I + Bk2)
A

.A + A2A I

Two boasts from a
rotation

[Ki
, KI = - S

3

makei ak -> u= a e

Amanadrg ,

1 = ~C* e

ct = V(ct-BX)

Next week....

p =

Mussee
her cons happens through crordnehe

rest
mass



5-1/30 4-momentum
,
Tensors

K k'

o 6 = &
invariant

Example

(Ax)
"

+ (by)" + (Dz) - (cAt) = = Spacetime interval
-"proper time)"

Restor k k -> K

V*AVA Lorente Transformation

(iii a = 0
,

1
,
2

,
3 Transform Like DX

Example 4-momentum

po ->

ite
Nation Point Particle E

K

·n
·
Her In Kiw =

u-v
-

m

(rest mass)
1 - *

If n = 0
,

E = mc2
. Why ? Pat: energy conversation

# Elastic
u

i lo
I T--⑭->Emi -

-u

->E =mi + jmu2 + mu/u Ba I ** = MuneMUx

= km) 12+hee4

angular velweity



-
Claim : With these expressions for E and P,

po = / Fox) is a 4-vecler : pr=As

Clock : It*-> 2

m --U

-=I I
->(Y) = (p) = Kus)(i)A

I -
~

~C
NarelativisticLimit (NR)

P" = V(p'-pp)
-

po = = mc + O(p)
/KC Iv/kc or /B)Tx

->
↓

= 1 (mu - Emc) = mp -v
ww - V = 1 + 0(B2)
!

<po = VC(p
: -PP' ) = W(E - up')

+
-

2 --
C - -
-

~ I(mc2 + Emx2-vmn) = mc jmn2 -mar +mr
↑

BAD : V = I+
·the other hand : NR Mech

E = cp -> [m(-) + mc
=

mc2 + [muz-mur + Emo 123
/ o

O
:

Equationsin Relativity
Comes han 1-0 = 0

-Ba V = 0 Vo
K'

AngularMomentum

↳
z

+ ↑Py -YPx
=#xp- xp4)

↳- YPz - = Pr
(4x4 = 16 vals)

= -L
**

Anti-symmetric mation (Tersor)



Angular Momentum Conservation

What else is conserved ? = - LOL
r

How many ? 6
-> angalas mon.

i1--

- ? L
O

[ = Lz
,
( = Lx

,
ek

.

L = xop' - x'po = <t .P -Ex # <[Pxt-mx]

Relativistically : Mrs E- E
-> Front-Mrt Fam =

coste
C2

Useful to answer ? 's like :

? ?
-n L-photo
->

H hote- z glass

Stay in place?
phatzen -> early => to compensate , glass moves left.-

4-vectors

A B=A B3)
(

Transformations : K-> K'

ja's = A "B" = (A*AY (1B) = "A.
A

*B = A* TOR

&

Rank-2 (Contravariant) tensor

4 + 4 = 1674 that transform like As + B
Example EDM [EE] = [r]/(Ex) = [B]

Kunit

E
,
B - FMU

#
Bz W Es =

-c
- 2

"Field Strength tensor" K keEy
-

- Ex = fo' N -2·'A Fa
L BO __Ex - Ex Ey , Bz 0
o" I

d

T = (E) 0 -B
= B

,I (E) -v

I
W

[Xo
=x N

1

-

z- UB A"2 = s = 1
L

--

--

Es Bz O - B 1

I Ez-By Bx O

X I A = -P A1 = 2 ->
- O

/
02

- Ex = fo =

- - B
= -A:F = 1

.
LF + A

,
LsF-> N A I

= UF
* -VBF" = v ( EX) - UP)- Bz) = E, = VEy - UrBz



Rank-n (Contravaiant) tenso
~

x
, & ... An

↳quantities I laFal
2

I

astomationRuleifindia ...

in -did2- OuN
a
No

.

N
An

I

Grariantk 1-
aslimase matrix) Nae) /" = Yes
Covariant 4-vector

=**Val

arises from : Gradient

· (x% ...,
x ) Seld

% =? (40&

K' : 0'Ix", ... ,x = $14%X
:

...,
x'), ...

= Onl gree

a

N20&K' : 0
< P =G= Of

x= 1 x*

Rank-n(Covariant) tenso

↑
0

. 4 ... an laFal
astomationRuleifdi

= Ni No ... Noa Taic - and



teco2
. 4-velocity ,

4-acelestion
,

4onehe

- Lavariant Tensors
- New tensors from old (Loneing/Raising)

#Isn
K

k -> K x = x(x
%

+ Bx"
x = U(x" + Bx")

* -

upox (
~ VB

I ·

arxa

x= 0

ax
= I

-"= O

9 A
of1

T

x
·

= V(xi - Bx) = 0

-B(i) ↓
x= 0

·
x (vB)-

② <x
z

-x

k K
xo

(UB) as v = pc varis

~
I(40= 1

could be WL of

=> 82 - (VB)
=

= 1
v+(b)

an observer
I - x·

obllines Parmesse

x(s) : parameterize the WL

X "s = S
,Ax ⑳ B/

·

A

-

~
> x = x

⑳dock-s = So

I Timelike curve

f : s = t = time (k)=.
G I

-

x = Cs

x = vS (const velocity
x= x = 0

andParameter :T = proper time

[ 2Dx= x -*
A

,
CAT =-- As = /(Ax - (DxY- (Bx( - (Dx3/2)

Why ? Ink : AX = Ax = Dx = 0 + DT= = CAE



MCRF
,

= K' (Momentarily Comoving Ref Frame
AT= A axa x = rt

-1

= <At 1 - ·Ax

I +FB" =
t -x

xo

-

s
,

M

A AtYAYeds, v = FFusiei

-x
=> change pareterization

General [Is)

= at => Imerse: s = He s

Any Indie curve x(s) =
x (f(t)) = xY(t)

=S
Ax

*

E 4-recken

Einst (p = E)
,

v =Y
4

x= vt

- nin-website19

1 -pa xo D T
~-

· Dx
* = vs = cost

E
x0

= c t = S R
.

T = V(t - Ex)

( ↳je
=>& =

x - ) = = y
=> x

=

= CVT
,

X = UVT

=> 4-velocity : n *-> (vi)
=> d = 2

#2

x° = beih o csto-sinho =
/

x = beach o

O

-CT = Sets= (dx)" = 0 (Ax2- /dxo-
↑

Spacetime E

Interval

parameter = asto-bit do = bo
Not same as O--

Ct)xon(x
-
L
xEctboFor e = 4-meheitz : eis T-

m = rest mass of particle
=> Peme" "4-momentum

7/

1



pr =(= Enry = It isv

③

ration K ↑ elastic
N - I

Pi + P = P + Pe ①
m

be p
!

"

is 4-vector, ↓r

④
it definitelyinrenanted

Recall : 4-rectors transform like :

= =*Abo: u i) = -receleratio

of : =m 4-force

Tensors x - Es )

contrar 4-vectors ( Inverse :Ne (s)M

Vo matrix -> A
cor

.

4-vectors --

NaWal e .g . n = On

A conlicar. ) A"Ba = 0) Invariat.i

Ink": '
= A"By = (1* A) (1: Bo)

= NX A By
L

XX = I

o N X" = 5% = Br "Kromeichere delta
z

=> A"By = 88 BrA.
A Br=

the "red--> d =*Pic



variant2-Tensors Mixedrank (i) tensors

Tap = N N Top " = A* X S%

Contactindices

sp P = 52 Check : Sv = N, Nis % = S
%
S% = St

(i)-> scalar

PM) tensor :

4
M +N

components : Tak
-

B
, Pe ... Po

~
, ! - . .

=Transese
&" ...X XP1B1

... NON, Thide--a-Pr

Mil action, (M1) tensor

This
P...Bot

= Who Ca
B,

. . . PN
↑
i

Uzo

Product E
Prop

Bent -On
PWH"PNtO

- 4MNPHO components

( (O

'
F

Mas = ) "' , ) ,
40 = (1) : ("i ,

)
2 tenso 2-tango (i) -> 2 - Fense

p = (EpY -> )", ,) % = Tis t
Pz

M,
PV combat Marp" = Pa



7- 2/6

- Tarsons

RelativisticFluids

· MCRF (momentarily comoving RF)

· Energy-Momentum TENSOR
stress -

energy

Coriiant
--barwin as

Was = NN's Was MixedNo nos
K K x

( (
K -- K

Lowering/Rensing 4
,
P,

2 cover · * Contrar.

Contraction
-

Ts -> TV = Tur = Lace of T's T

rank 2 (mixed)

&Special Rank-2 tensors

pop
,
S'

, Yay
(inverse)

30 -3)"' ..) ,

As = NapAxax
Numbers are Invariant unders RF

#Socthe rest of the course
spaced time measured in meters (m)

Algebraic conditions on A

Nigh = 1
,

Ya
= ) "1 ,)

Claim : Mas is a tensor : This Ax 10 . 40
tes m

= (x )+(i)



5%=Based onE

ning/Range
Va : YasVo , Yo is the metric

A " contravariant, Ba coveriant => A
*

Ba = 0 scales invariant.

Example
What's the

energy
E of particle inmy

MCRF ?

me
z

Fin
...
particle

Ne: This question is Lorente invariant
,

i
. e.,

doesn't depend on RF,

N X

my 4-velocity Pa A
since it is a measurement made whose outcome must

T
agree for everyone↳Pa Ignore y, z

mPrivationmrerr - 1
, 01

MCRF
i

Pa = (E)MMCN In Pa = - E . E

or E = - 2 1,
PP = - U . P (dot product of 4-rectors)

Howto measure T in MCRF

A in MCRF -> -A*

(i) -- (i) 1 MateAside

pc-a (d) = pC-su
*

A "Ba = AcB*

Example? A Ax = - (A) " ... (A)
~ 2

Particle= Me
, my Energy in MCRF ? = A . F = A

m = -Up = m = - P Pa



PointParticle
Identity

=A

wexacte time

attea
una = -1 15 : In RCRF

,
2->

+ 2nd = 0 = 2ac = 0 - 9 - lai
Hydrodynamics :

DS

-Tf(t
,
x

, y, E) assume onetype atems. *
e

⑳

(t,x, y,
z) Non-relativistic (N . R

.
) velocity (3d) #

n : particle density AV2AxDy Az

AN ->2 ,
AN = Aparticles in AV

Av
"The "box"

8 : mass density
, petAse

p
= mn N .

R.

P =pressure
Problem

t budt
t+dt Ta

=dr => Fluid. ↳

tomectivederivative

aerationsdo(
+ At

,N
+ egt) - ult,)

=GF /free

↑I dof +
E
.

of - a=

Newton'sSecond Law

REFFFFEp -gradient of pse e

=- GiP
-

i.



Mass·PND D +- siz = AV ax

-

-> -op = T

Stresstensor (3x3)

↳ Tij =dim Freee
T Tatia

Es
i

in

Argument Torquex
x AV

,
LY -

Momental Inertia MR => angular ace~ o = no torque

Conservation Laws
*

-

④n = AN/DV V -

EC
↳

SXk
= -5.

if(((nav = - ()) (8 .5(av =g) E . da
,

E =

st T
Conservation of number of Particles

=- E . (n2)(
mean bee path : Th
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-

towering/Raising
To/ To

= Toele
p

= 4, jaroa (ii) , ve-> ie &
&

Tap = Yar YesT-

coVp/ MoBV => Too = Too

Raising index Lowering index To ,
=

- To

Tio I - To

T = T
"

To-Top = T
*

Tap : (T
%)" -(Toip -E stio IT

i
,j

Mycodynamies

Recap
--

NR = Nouvelativistic

n = number E- AN

density AV

p = moss density- mAV

vi(t
,
x

, 3, z)

-
Htux/current of particles

J : <x = N,
DA =De Taytex

entiveDerivative :

D &

Dt =of
+ E.
E = 0 + 2

,
0
:

Inserivationof numbers of Particles

0 = 0 + B .j = 0
-

4 +0i



FliedDynamics

Stress(3D) Tensor

Tis -AT it:
RelativisticFluid

"It) : worldline

- of flind element
.

Of ze4-velocityo

u t
,
x
,y,
z) 4-vector field. Xchain sal

+ (xix,+, x3) -> f(xit),..., x(t)=

Ioff= l ofe
u -> (v

,
2)I

R
> (1 , 2) + 0(22)

wit = edoftnot dof kit

MCRF : (t
,

<
, 7, z)

RF of(Manzily Comoving A

numberConservation

2 = densityAN in HRF => Lucenty Invariant

RF : Let To = densityA
4 - Current (flux)

/5emai In AMCRF (t, < >,
7) : 5- oe



n-> ( Meni (20
InMr u

,Tue inone
e

=> Tre in any
RF

world

i Lives (W .L Jo = daily =

#WL
# = "Numbe of

...

"E E
.

--

-Pff I At D +AyDz
-D* -> I

-
#WL

@

> *
5'# =-

ByDz At

DyDz

NumberConservation Law

0 = 0
.

5+ 0/

= 0
-54 or 0 = Plant 4D Divergence1

↑Hypervolume AxDyDzA

HWL entering = #WLexiting

Energy-Momentumconservation

Patid po-PEFEmee Compare 50- deta
Energymomentum Tense

To*Masity/flux)Too -ErragyBasiby
a

Gete ~oi

I = Energy Flux =
E

Atc
F =+

④
2 p +

/zis
= Momentum Flux =

DP (x
x TEDA+j
Stress Tenen"



Formulaof the day
+= (f-P) n 28 + py

or

Acet Fluid made of particles all at rest . (Cosmology : "Bute

MCRF Ivelocity / *1 (Macro + Micro
-

-

&

↳

*

M

N

&

Uno momentum
->

Too = ma
,
it at parties

& & · Uno flux joi : Ti = is
= 0

(jap - na u= %
,
ene In e I

-ETu , p
= A in MIRFL

=> FOTD When
up

= 0

Jo= nu

I Lorite Invariant \ Torre
= an T

-[xc =( To AV = AV (n2)(mV) = AVjm

3 tio =PrV, -

En

-N

Tis = p22: 2;

= I Mar =2,

k

Tav = praV = (Pravin= On
-

jav =pr .
AV = 2, (m) Uni = E

* Ve
3 -> T To

#

↑ AV = PiV
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EntireEquation -> Energy-Mene
↑ Nature

EinsteinTargarao e

&R.

To = Energy -Momenton tensor (Fluid)

MCRF (t, x, y,
z)

p = mass density =Am Too = Energy density =
2 = number density =A pio = momentum (i = 1

,
2
,3) casity =Api

-

-= (2, v)
Toi = flux of

energy =At
j

E His
Tit

O O

iii-flux of monation - APA is
po
O OACRF To- I..
1

.
oe(

(particles all with same velocity (

#print ,2- (
El
n- (ii) nu- In) , =ne s

al particle

Too= Mn 1°
1°

=mn) ToAV-mur"gV = mr (nVDV) =MUAN
-

Ti = jio =MntV
,

T"AV = (nUx) (nUAV)
AN in AV

= Mur.. AN

Tis = mur"VIV
,

To"AV = (mr) · (vi)AN = E. 2
.. AN

Tis AV = (muvi)(vi) AN = P. V;
AN



Now generalize to particles which more in many directions

F mai,
To AV
=E E=↳

Tod =Tav U U

TipV = m Uni Vi

mption Non-Interacting Particles these depart on (t, +,7, z)

defsetFlintinition T- P
p

-
-> No Viscosity1p

p

p : "Pressure"

Dust : (p/kf - 1 / 1 ((#) units : (p/<Pc2

TAV = I E =Mr
#in DV

Tip=MUN - p (T" + MCRF)

① Tensor equation for T

② Conservation of E
,
Ba

"Fima"

MCRF

on -> ITooe I
-

p 0 0 o
- 1189 :

0000 IO

·
Perfect Fluid : )T= (p +P)nuPapy I

-erratiohi 05 = 0 = &:a ->L
sym

& T = 0L



Eke :

RF =*e
using += (p)

MCRFaL t # MCRF at +At
, so p

Sola : momentum

B = = : o = GaT = Go T +
G
,
T = 0x10 +Pn

"

u'] + 0xIpy"

& [Pq
:] = Dip

ja[(p +p(un) = 0 [(p +p)n]n+ (e +ps (d,) 0
.
[lotose]

Keep 0(0,U") I'order in velocity
O 02 ° = 0

,
2 = (i) =rorenioa

dahi
McRF

?-

10
MERF
-> 1

Un[1 +8) ul + Op =o +pe = - F

)
Prepare

=> (P +Pla = -Ep

hone just mai
,

since = I E

Explanade
for isa ⑭(r)

W
S

I

or (p + p)a = -p
↑E

#Ham, A as pincreases, a increases =>

p
cannot balance # supernova.

Energy : p =0 : 0 = 0
.

To+ 0
,

T" = 0 [0 + P)Win] + Pilpgio) 0
, (p4:% =- 00P (i=o

· = j+P Gi(nui o = j+ (
I al(p +p)(0x2]

E I = do(p +P) + O:sanu']Di(nni) = - 0.(n40) =
- i dn

MERF

d
.
Ho-> O

MrFi +i + Pt . = 0i(nu
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- Energy Conservationtor perfect fluid
- Accelerated observer

PerfectFluid

MRF
+ap-) / E

,
Ex

,y,
-

j

Op

-> (i) ,
t u to

↳ dan° = 0

numberonservation

(nx) = 0

MCRF(s G(nn) = - G(nxi)
II

d
.

n = i

↑Any 2
: To = (g +p) U no + py

-

#GT00/ E/p conservation

M+ (WWF) p = i = 1
,

2
,

3 = 0 =GT (f +PE = -Op

=O

*
AV- dV

⑭AV - n
= (3 + P V

D

Cain 0 = 0aT
* RF

.... Algebra ...

-> dE = -pdV

0 = 02 [18 + 8) n n
° ] + 0 [p4"]

Gallo = 0
,
2

°
= /

MF
t 0x [15 +P)x - 00p = 0

.
(f + P) + 0 [(s + plu]-Oop

& to
,
Xo

,Yo,20

origin Oi(nni) = -i

-stotit oftoilet
ia e

I



dE = - pdV=d(#)
= -od() (physical reinterpretationt

Rath time

=, = =

d -

>d : dE =-pdV- (f) = -ph) -Sinij Fi = e

The de--pdra

Octoofe :General Observations
--

Tape
as

MIRF

Chid8 Observer

4-momentum ofDV flied element in K

L

v -> S

* K B
K(DE/V I-T'V -

Observer
- Energy density Vo = -1

(A/AV

yu --
c

=

dxX

If has 4-velocity v
&

require -↑ Us is time like 4-vectorde

wherever v is time like.
(itozne "Weak Energy Conditione I

l

For every
timelikeo with °> 0,

↑ fur
any timelikei W = -TUp is also timelike with Wo30

.

"

(or ofBideshoe for z20-point energya

n

Dominant Energy Condition"
in QM .

Perfectfluid : W = E
Examples

① Dust W = o

④ A
gas of photons gov = To AV = IE ,

TAV = E Y

w = 5
,

Verand = I adiabatic w
-Spar = 2, + "DV =

EU
E Photon

-
③ W = -1

, p
= 1 -> Cosmological constant/Dack Energy



baruad makean
-x

a = constant in F

I -> t + Bt
,
i : 0 -> G DT

#K:

tine)
relity

T v(t)

T + AT astrt (c = 1)

Dr = A V
- V

= aDt + V(X-VaDt) -x = all -rYDt
1 + VaDT taylor

Ar = adt + I dtal(u) = a + = = tanblate

-> rapidity = a+

xo
2= cash(at)

n x (t)

vo = einh(a) - solved=zHu
*
-> (2: 2) = (cosh(ai), sinh (ax) · x

E = 0

xo = Sashacd+= Eschat
1

(0, 0)( =0

x' = ) sinhat de = taceshat-a

AcideratedObserver

asmall
xo = Grinha+ -> I

x = Ecochat-t -> +D +<(at)" +.. ) -* = bat +..
NR Limitv

x n A-·
T

< x"(x-axis of MCRF) Coordinate system at are. abs
2= wash at

Ur = sinhat T = xo x
R 9x -- -

O

of =>
- = NAxtrux" +hi x° = xirhlaxs +sinh(ax"
--x = x + Va + Xa x = x "cash(ax") + &ash(ax0)



x° = (x"+sinh(axo)
x = (x" + Acushlaxd) - -7 K -> anderated observes (4,x

No

m

-
x0 =cost acobs

M·
at

en
e

I ix = const· (i)
I

·
- x°= h



Lecll-212
a.

.
HW 1 -4 - 2 per o

material
up until today

AcceleratedObserver a = coust acceleration in MRF
xo
n

... /- (

x = sinh at

-> x = ush at - a
>*

If TCA : TAB ,
A

,
B sind

.

#(non-certial)K

x = (* +xinh (ax")

x = ( + x")coh (ax") -

Redefineorigins

x
-
> x + E

x = xeich(ax")_ x = x"adase
x

Ya

(x) - (x ) = coust

# =
x't xo

n

& / -carst
I ----No

T
m

--

---

I
↑

x" =corst
k' -

9 x

· · -· >xecust ->

Yo Yath

- sx
-

-

& E B

A B

& Is hyperbila x= a + h also worldline of

an observer with acceleration = a ?

x = a + h

x= (ath) sich (axo'

↓ = lach) cast (axo
Proper time for B?



x"-> xo+dx

dia-ds= + (dxi)-(dx)

= (ath)
"

[cosh" (ax") [adx)"-sindax) (adx")2)
=> d t = (ath)" a (dx:) h) "

=> di = / + ah)dx

=> T = (1 + ah) x " + wit

there
,

formula for world live of B is xo = (Ech)sinh /Fanl

x = (Eth) cash I l
Lon .

Observer at att has

acc. = Hah or Ech = are

Time rus faster by Itah
E I +

Ex : g
= 9.

8%-> & =
1

.

1 x 10" . (mean

one
constitt

chif
ng

:
- x = k k

+

a

=> x [ash (axo') - sinh (axu)] = c ↓At al·=> xjax = C = x"= Lex -

=> x = leg)+"/) Yo Yatsx
To 0 : x": -* by(*) x = lugx+

tat x"= * = W x
" I Augx" + t - leglal

* x
= lyx" + t +bt - leg(a)

Thus
,

Ax" agreed by A ,
B

* Ax"= 1 prop time "Particle horizon"
BAT = (I + ah) Axo

-
Rinables Wedge

-

- =
In only "visible"

.... creaat events↳each
-

---



SacetimeInterval

ds = - (dx) + (dx)2

dxo = sin (ax") dx" + a xast (axi)dx

dx = cosh(axi)dx + a x"sind (ax")dx

ds = algebrataxdx+ (dx") ) "metric of Rindler space"Asia :

Hawking -> Purch
,

PolarCoordinates (analogy) see BBR from

-#notee
y 2 vsiro

ercat horizon

* = r cas O

% os = dx + dy = r2do + du

Anology : x"-> O sinh -> sin

x-> r cosh- cas

Several Relativity
vilinearCoordinates

Enidean Space :

'

.....
**

Ex n =2

E "(X!..., x")
:

x = - R =[ = (ase
x

5
, m = % ...,

n x = 0

kee e
,..., En a basis

er = GR=

Ex- d = FRaree
noe

e

er To

Es = &R=GR = /Tene
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insteinEquivalence Principle for Infinitesimal bores

gravitational field ↑ g ,
acceleration

Ifting = Fig

TibeFast-f ->
annature o epree

O

We need to generatings for moninertial reference Games :

- Vectors RunningExample Polos coordinates in 2D (x
,y) =- Endidean

- Tensors T
i-Y

- Internal (x
, y) x = x = rcaso -

L
x= N = , x2+ y2

- loaning/paising * y = veino
-

x = 0 = En(
- Ou

Vector components -

Ju = 1
,

2 ju= =, 2

Basis -> y ~ O

·
↳
Basis 1 : Eq =OR = O

,
R

Vi : Vi Va VN : Vi Vo

1

p()(o)

.
#

Nore=
-

(Not used in GR)

E = (5)
, x

=f= lose -Lae-

ORey I

unitrectors : 2 =It = (no) -> Eri E
,

To = r

~ = Ven = VM e
VM = components of [ (p = 1

, 2)

O (
Vcuso-Voreino

I10 VI -> V= Ve + V
o

=

Vino + Vorao
contravariant componentsof



Rain2 N = ExM

Ry O

- = Ex = (d) wr-En-ei) wate e
-2 = By = (i)

wo =F o :E() = (e) = -to the eW = VEM , Vi Covancient components ofi

changeord system.

XM-> Xu xM= f
M
(x), x2)

V-> V =? * bian (Matrix)

ni=
En =of =Ko = Ne

v = vie = V "Nie, => NVP) Transformation of contravariant
vector

Example (switched)

o E nin-(of off = 1 a I
j jus

V;Vogiven
V
=?

VY
V

"

= A rV" + No Vo : CoVr-rsV

CoveriantVectors
V = ) V-rso(

Y given ,
V =?
j

wi = Ex
.

R=
T= Na Es1841 =

xx* =04Ox* = N+ (TN)=
cartesian d
-

(M)
=

= xe
=> Y =V *

= V
,No
M V(u)



i Gur = En : Er

Square of T

Y . Y = (V' eg) · (Ver) = garV
"V

Example

E =

orp/(rge)=
-(vi)+ 22(vog2

Conveyed more compactly:
di = (j)P= g,wdx"dxy)
d-dx dR = endxM
-

10 :IdR) = drutridor
I

=dr + r"do4

Consider E .E = Algebra = S -> bases

-

I
-

· eV = Ven = V,w / Y = F
↑
45: [ .

j
= V

,

Tr .

j
= Vo 8j = VaLi

I -

Lowering Indices
V-> Vp =? · V = Je = Ver.Ep = V gr

,
= garV4

10) Vr = grV" + GroVo = VV
, Vo :GorV" +900V

°
= r2vO

EmeneMetric giv
= WM. For -(97) as a maten (o) : gov-> d

-givVr(
Tensors
-

T = uMrr = A . Tul




