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MATH 141 Differential Topology
Instructor : Boris Mladeno

mladenore berkeley .

edu

Office Hours : 17-12/12 : 30
,

1073 Evans

Grading : weekly homework ,
Thes

,

due nextThas before lecture.
Submissions on gradescope

Homework : 30%

Midterm : 20 %

Final : 50%

Book : Differential Topology by Guillemin & Pollack

Also - Smooth Manifolds by Lee

- Topology from the differential viewpoint by Milmore
- Differential Topology by Hirsch

Background :
- General Topology

- Multivariable Analysis
- Linzar/Multi-linear Algebra
- Abstract Algebra

Smooth Manifolds
,
smooth maps

IR · T= S'x s · GL-invertible nxn matrices

· os'
~⑭ genus 3 surface · Finite set of points in IR"

. Os

Def A topological space X is lyEvelidean is

Exc X
,
5 an open neighborhood xele and a homeomorphism

: It ->VIIR",
where V is open

Def A topological manifold is a countable
,

darff, elidan topological space.



Let (smooth function)

Let XCIR" and consider a (b) map f : X + I

We say that t is oth at xcX if I an open xxU = IR" and

an extension F (Flunx = flunx) which is small
,

i
. e

.

it has particl derivatives of all orders.

t is smooth on X if it is smooth at every xc X
.

Let (diffeomorphism) A map fiX -V is a tomorphismifa

1) f is a bijection .

2) f is smooth
.

3) f is smooth.

If there is a diffeomorphism between X and Y
,

we say they and morphic and write XEY

· 1 = = issue
, tangent space is IR

· - =

3 W

Difference between something admits a smooth structure and if its realization in IR" is smooth.

f (Smooth (sub)manifold
,
It attempt

A subset XIIR" is a moth (sub) manifold (of IR) of dimension b if
-- open

ExxX
,
I an open xEIR and a diffeomorphism y : Ex Es VER"

.

The pair (i, 4) is called a smooth chart around xeX.
-

Examples IR" trivially a smooth manifold. Simple smooth chart that covers (R" : (IR"
,

id (

S = [x +y = 132(R2

4 subsets : Unco = 3x303 ns

Uxo
, Nyso , Myco

Yxo : Uxco -> H, 1) &IR

(x
, y) + y

is : ( 1
,

1) -> H
x

y + (vFy2, y) I
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Examples

1) GL(n) -
> /

"
"

of invertible nx matrices is a smooth manifold.

GL(n) = def"(R" 503)
,
where det : Mate) =1-> I is the determinant.

2) 0() = GL(n) - the space of orthogonal matrices ,
i. e.,

A cO(n) -> A* =I

Let sola) be the space of nxn shew-symmetice mateces ,

i
. e. At soln) off A = -At

so (n) is diffeomorphic to RE)

Then the exponential exp : 30(n) -> O(n) is a local differmaphism by the inverse function theorem

A
*

rangero > locally investible.

↳ei gingerchatand [COn),go F
using nation multiptoe in

#seconddef of smoth manifolds

It Let X be a topological manifold and let (U,
41) and IU2

, 42) be two charts.
↳ have to be

The transitionfunction from (21
,
41) to (Mn

,
42) is given by homeomorphisms

L
&4 = 4204, 14

,
(, nus)

: 4,
(hinmn) - Y2(kinze)

O
L

-
is

in·C 42
4, !

C -- -:
Def : (Smooth Atlas) (Y L#hop
Let X be a top manifold.

Suppose (Un,
Yx)

,

x + I is an open corre of charts for X.

We
say
that collection 3a, Yal3acI is a th atlas

if the transition functions between any two charts are smooth.

Ref : Two (smooth) atlases [Ma
,
Y)3 and [NVs

, Tp1) are equivalent
if their union is a (smooth) atlas.

Exercise: Show the above relation between smooth attuses is an equivalence relation.



Ref : A soth manifold is a topological manifold together with an

equivalence class of smouth atlases.

Example : Projective Space *
= (xn

,
4.

RP"= set of lines in 1"" through the origin.
↓

representative of line

A point in RP"can be represented by (No, ...,
Xn 1

,
where at least one xi # 0.

For
any

xc/R1503 : [X
o, ...,

Xn I = [Xxo, . .

., x Xn1

RP" = 12"1303/IR* - This is given the quotient topology via the projection it : IR""1903 -IRP

If we restrict to the sphere : I the swath structure is
easy .

We do it by defa,
however

Let U: = 54 + 03 /RP" = [[Xo, ...,
Ya) E(RP" : xi#

open a R" / 503 omitted
d

Y : 2,
-> "

,
[xos,Ful[

The inverse (20,..., Int) +> [Yos - --

,
F, ..., Inc,

I
I

ith position
Let's do n = 1 : (To

, Yo) ,
(H,
4)

then the transition function is (R1503 FIR1503

40 = 4,
% %

"
: y
t, 21

, y] is it is small -

In general, fix isI say
i < j .

What does 4
; :
look like ? comitted

I
n

(Yos ... Iny) his (y0, ...I .... Butis ..., - ...
This is smooth !

Let : Let X
,
Y be smooth manitates and F : X + Y a its map.

We
say F

is smooth at xeX if
X

Here are charts (U
, 4) around x and IV

,
4) around F(*) such that a

the composition+o 104 : 4 (2) -> ↑ (F(2)) is smoth.

B*
iR,·

↑ ·Foyt
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Recall if U
,
VIIR"

,

then for a map 4 : 2-> V
,
the derivative of at x = U

is the linear map sit . Y(y) = Y(x) + d4x (y - x) + hot
.

Kmati (Jacobian)
In particular

,
if is is linear

,
tha dy = 4.

Let X & IR" be a smouth manifold
,
and let (U

, 4) be a chart"around"xcX; (assume y (x) = 0 /R
.
)

Then
,
if V= < (U)

,
we get a map

U -> 1
.

This the linear approximation of 4.
* Es 4 )+ (dy"):

Then
,

we define :

·
x = Y(0)

Def (Tangent Space) y(t)
1

the tangent space to X at xcX as the image of dy: V-> IP".
↳

over IR"
,

where X is n- dim

This tangent space is denoted by TxX. y(u) = VE/R

Lemma : The tangent space is well-defined,
i

. e. independent of the choice (U, 4).

If: Let (M, 4) and (W
,
4) be two charts centered around xcX.

Crestricted to overlap
Then the transition function is "40 4, and we have. composition/matrixmult

chain rade f
+

"

= 0 (4 o4)
. Taking derivatives ,

we get di= dyo (404"))
.

E dy." od (you)
↑

+ (Wez) *** Y(Wnx) &
IRY Ot I go

e

T
you(0) =(x) = 0

-
-I O

4"H I ↓ -

dto ↓ de ① L-
Wez Wen

IRV = I & /RN
yt

IR
n

Note: To IR" = IR"
.

/

Let X
, Y be manifolds and F : X -> Y be a map.

For a paint x+X
,

we want to get a linear map dEx : TxX -> TEY ·

Let (2
,
7)

,
(v

,
4) be charts around xxX and F(x) +

Y
.

X

ME-⑳i TXX ...

F
--- S TFYU O-I This is again independent

Yi which follows

↑

· m Then (de.
"

t ↑d4." of charts
S

Et
ii

-I

L
from the chain rule.

4 o FoY Ol IRAdoFoyo, IT



Exxample : S"IIR

u = Sn(x > 03 What is T S ?
·

(40
,Yo) [x

.,yo)

y! - (1,

(x,y)2 y i
y :Y (ty,

y)
H

(
,
1)

Then di = ) => the image is the corresponding tangent space Tkx
,yS".

y

In particular for 140, 30) : In it = Im the end to (40
,Yo

--

- multiplication by ~:

Fa : S - S
I S'Es g TS' Is Tst ↳sint limeintsee

↑ pr ↑ [dexpexp i Texp- dexp , &
exp : (R-> St -Inication IR-> I

the (cas(t)
,
sin (t)

· N

deep : I
3

times around circle

·
->

⑧
=

Ref : A cre in X through x -X is a smouth map 0 : (3
.
2) -> X

--

O(0) = X

XEIR". For a chast (n, 4) :

TX v Fix adioice for u - TxX
-def I There is a line in X through x

⑭
R (dyr

such that its velocity at 0 is v : 010) = x

,

do=

We have a line in I through 0 and i
,

than the pull-back under y gives a

were in X with the required properties.
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time
For a chast (U

, 4) ,
the image of 21 under y is it.

XEIR" -> TX
,

FxeX

q : -> it
.

Then if F : X-Y
,
E : ->

F : X+ Y -> TX ETFmY
= ↑ o Fopt

(2
, 4) chost around x

,
then TxX = Im dilo

,
y : U -> I < I

TXGW Let I be the line trtdyx). This is a line in IR".

sl I
After restricting the domain of L' + +s [dyx10)

,
we may assee L : (5

, 2) -> it,
IR2 diffe

then we get a cure o = 402 : (-5, 2) -> U which satisfies 2 conditions :

Cr(0) = X- our choice of print
do

.

(1) = 2 -

our choice of largent vector

Ret Let 0, 02 be two cares in X .
We
say they are valent if

can ignore
-

G(0) = 0 (0) = 4 and d10!(1) = d(02)
.
(7) .

The equivalence class is denoted [c]

D Let X be a smooth manifold .
Then the space

at x -X is

the space of equivalence classes of curves in X such that O(0) = x.

Lemma :
The tangent space is a rectors space of dimension dim X = x

If: Let (U
, 4) be a chast around x -X. Then we define

TX + R

[O] 2> d(yoot. (1) This is a lation by definition . (of (07)

Thisrector space structure is independent of (U, 4) :

/

<,Y4)mes /R



XER wHTEclY Lef Let X.
Y be smooth manifolds,

Fix-> Y I del sidee
F : X -> Y a smooth map.

~ The derivative of F at x is
dexiv IR

-

l

ddeL
↓ ↓

<

↓ To

the linear map dEx : TxX +TF Y

dEx [ELs4" (td(4oFog dy, (v)] = To.]) (0) +> [For]
[0 : t + 4 Hdexr] TxX ->Tra

[0] +-> [Fo 0][
-> [trs Fop" (tdyx())] = [02]

Since ((x) = 0
, 4 (F(x) = 0

,
0,(0) = 0210) = F(x).Then

,
we need d10%(1) = d10c10(2).

For O ,
we get $1400, (1) = dE - dyx(r) .

For O2 ,
we use (V, 4) to getd14:02 = d[C4 -Fo y% It dyx(/[() = dE dex(u

Derivative of a curve is independent of the chart : take two charts (U
, 4.) , MM2

,
Y2)

around x and assume O : (3, 3)-> 2
, 1U22X.

Then we have two ways to take the derivative :

(or) = %f
4.

= 42 : 4 04,
d(4

,
00)(1) d(X ·0.

(1)
s

I

x

↑" gari.
= 4, 04 042 /4, 0420 4,00(1) IR -> IR f = (1)

I 0)

d (4, 04") - d14200
.
(2)
-

-

linear isomorphism IR"-> IR

Let Let F : X-Y be a smooth
map between manifolds .

Then we say thatF is

11) animmersion at x -X if E is injective. Examples 1) XIIR" is a manifold,
-> inclusion

(2) an embedding if F is an immersion at x Wx + X, i
: X /R is an immersion.

In fact
,

it is an embedding.
and a homeomorphism on to its image ,

2) 8 = IR" is an immersion.

(3) a susion at x = X if dFX is surjective. F : (RorS
*

-IR2

3) of < IR2 Fitts Iti t ) dE
= (8)



5-1/30 immersions
,
submersions

, embeddings

Inverse FunctionThm (Calculus)

Let F : U-> V be a smouth map
,

U
,

V
upon·11 If

IR" IRL

Assume that diy - IR" => R is an isomorphism
,
where x ele.

Then F is a local diffeomorphism around x
,

i
. e. there is an open xEU &U

such that Fli: No -> F(U) = Vo <V is a diffeomoxphism.
u

.

V
.

Inverse FunctionThm (Manifolds) idnof ↓ (Fluo)
no -> Vo

Let F : X-Y be a smooth
map between smooth manifolds X and Y

. ide
.

Assume that dEx : TxX -> TFY is an isomorphism.

Then F is a local diffeomorphism aroundx.

If : Let (U
, 4) be a chart around

(I(4)-- F(x)
.

Then we have it Is V So dFx is ansomorphism
Eet =

E d is an isomorphism
Ul Us

..Fi
Then Fly is a differmorphism~

diffeomorphism
. Fly(2) · 4"(2) -> 4 (20) #

Im (Structure tha for immersions

Let F : X + Y be a smooth
map between manifolds X and Y

and assume that F is an immersion at xcX.
li

.
e

.

IF is injective F
Then these are chart (2

, 4) and TV,+) around x and F(x) respectively, u-> V

4t ↓ 4

Esuch that E:-O is the
map (x

, ...,
Xal 1> (x

..,
Xn

,
0

...., 0 . i-
In I

IR" IRM



Pf : Since diy is injective ,
dF is injective .

So we can assume &E :
-> IR" is of the from (Fda) l

m

Let ! : Ux/
* -"

-> V
(by changing basic

(x
,

z) + F(x) + (0, z)

Then do is given by (idnon) ,
soI is a differeoptism aroundo by the inverse function there. .

There are it < < x /"and To = Y such that T -> No is a differ morphism
E

n

Then we have a diagram i I T where O is, < I
.

It x I"EUXIR
*

> i
.I D

id ↑ I . ↓
to u

,
= (ii)

is
,
<Ho < U x

M-

IR Upon shrinking (2, 4) and changing (V,+) by En.canonical inclusion
we get the required chaits. I

(b #)

Embedding = Immersion + home onto its image
Def A top space is locallypart

Def A map isPopee if the pricimage of a compact set is compact.
XXEX

, VopenU-x,
Japa Vox

The : A proper injective immersion is an embedding. sit
.

UCU and I is compact.

If : We have a Comma.

↳ma : Let X
,
Y be Hausdoof topological spaces, Y is locally compact and
-> d

suppose f
: X-> Y is proper . Then t is closed

.
(mape closed to closed

Assuming the Lemma, since any manifold is locally compact, an injective propos immersion

is a homomorphism onto its image. A

oflemma : Let AcX be closed
.

WTS f(A) is closed
,

i .c. YHA) is
oper,

i
. e. for

any

y eY f (A) there is an open
iby such that U v f(A) = 0.

Let U be an open
rblel"sec that I is compart. Since t is proper, F(i) is compact in X,

so the same goes for C = f (V) ~A
.

Then f(C) is compact, heave closed in
Y
.

Here U = V( +() is
open in Y

, ye
U and Unf(A) = 0. A

Any injective immersion between compact manifolds is an embedding.



Im (structure them for submersions).
(For open sets in Endidean spaces,

Let F : X-> Y be a smooth
map

such that dEx is surjective at xe X
. this is the implicat function

then there are charts (2, 4) and (V,+) such that ESV theorem /
it
E
Lit

in the diagram E =FI where i : IR"-> IR i - T

(x
, ...

n) He (xn-m +, Xe If : Next time

Def : Let X be a smooth manifold, I a subspace of X.

Then we say that I is a sumanifold of X if FzEZ there is a chast (2
,
4)

such that y(unz) = IeR
*

EIR"
,
where men and is the dim X.



Lec 6-211 Implicit function them
,
level ests and submanifolds

Ihm Let F : U -> V be a smooth map such that
I In

IR (RM

for some x + 11
,
dEx : IR"-> IR" is surjective .

Then
,

these is an open x*Hoc

and a diffeomorphism 4 : 2
.
-> 4(U0) such that we have

elioElk .

↳ F

projection onto I
last m coordinates Vleie n

Prof : By assumption dFX
.

= fix) is of rank m = after possibly reshuffling the xis,
We may assume the last m-columns span (R. Demente this m xm malies by M =C.

n- m + EjEn
Then we can define 6 : U->IR

x = (x
..

-

, Xn)> (x
, . .

.,
Xn-m

,
F(x)

IBy def, dbx. = FM) = det (d6x) = defM + 0 = dbx
.

is an isomorphism,

hence by the inverse function theorem
,
6 is a local difforphism.

=> FUo =U such that Glu: Yo -> G(U0) is a differrphism.

· Gluo(o)
Moreover, ↓ ↓i

We are done by setting+ = Glu
.

A

F
IRM

Def Let F : X -> Y be a smath map .

· We
say that xxX is a glas point for F if dEx is surjective TxX - TFY

· We say that ye Y is
aregularvalue Loc F if all prints in Fly) are regular.

Im Let F :X-Y be a smooth map between manifolds. Assume x
.
X is a regular point.

Then there are charts around to and yo : F(x) : (2
, 4) and (V, 4) such that

u =-V
Ph

where it is the canonical projection. If : Sim to immersion structure

isisA th .



Examples (of submanifolds ( F dF = (B) should be (2 to

Let F : IR2-> IR

E
=> If %

, % 0
, F/4Td

(x
, y) 1 -> xy

is a sub manifold
Then for a fixed <ERR

,
F (x) = Sxy = 23

In

For any
x + 0

,
F (1) is a submanifold .

IR

Let's debate the non-positive x-plane
,

i
. e.,
take U = IR v 3 x > 03

Then define a map 4
: (x

,y) +> (x
, y

- 4). This is a differmiphism.
u -> U

y (2) 1 F(2) = UNIR
,
where IREIR" is ((x, 0)

,
x R3

(x0
, y0) = unF()

( => Youa3 Mo= I
/R2 : F(x,y) = x

2
+ y 2 IR2-> R

,
S = F ()

Take 1, = 1 ) ((X, 0) : x = 03
,

it = (R3 x (1, i) <IR"
.

: It -> I
, This is a diffeomorphism andwe get a chart (M, 4) on IR

(r, 0) > /reaso
,
resino

q( , 15) = 1 x(-4
,π) = S(1, 0) : 0 + ( . 5

,+) = (Ax ) n , it Want tal ratha t
The Let F :X-Y be a smooth map and let yeY be a regular value·

Then F"ly) &X is a submanifold of dimension dim X-dim Y.
codimension dim Y

.

If Let z = Fly) and Let x = Z.

If by implicit function the

Since x is regular, there are charts on X andI such that

F becomes the canonical projection : u Es V

eh ht
Them we can look at

is Is

y(u - z) = q(unF(y)) = y(u)15(4(y)
dinx-dirY

< 34(y33 Aand ii (4(y) is an affine spece .

i (4(y) = IR
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emptonXdz = 303 is had basme in Toxisa

* (of A
it

not transverse

not transcose transse
2+2 - 3 = 1

dinX + dim] -dimY



Im Let F : X + Y be smouth and Z <Y be a submanifold such that FRz
.

Then F"(z) is a submanifold of X ot dimension dim X + dim z-dim Y

,

i. e., codim (2,
Y) = codem (F"(z)

,
X)

.

If Reduce to the case of regular values : let x = F'(z) and a charst (V
,
4) on

Y around F(x)
dinY-dim E dinY-dimz

which is compatible with z. Then +(vnz) = 4 (V) (Rlinz polimY pdinE IR
*

Fence the restriction of F to FV) is transverse to 2 iff 1040Fly,

has O a regular value·

Then we're done by the regular value theorem
.

A

②"Hanzi. /1RdimY
n

chart ↓
TF2 + Im dEx = TecY (no4oF(Fir)"(0) = F"(v12) -> sufficient

,

T(z nV) + Im dE, =TFxY because being a
submanifold

F(y)

Discussion is a local property.
--

T
. ...,
to cutting out I around F(x)

and transversality of F and I then 4
.

0 5 .., T *

are independent off F is transvase to 2 :

Tras2 = bezd(104)
,
then apply tha :

chaincleidF= d(πo+oF)/
* · d 1504)dF serj .

iff Im dF + ked(104) = TZ
F(x)

If : (#) Let WeV
.
ZUstLel = z

.

By hyp, 2 = 20 + L
,
w

,

where L
,

U
=

= 0

=>L = ↳(2
:

+ (
, 2) = Let, ~

() Let z eVz .
Just

. Lell = Lz4,

=> U-L , 2 E kez L2
,

soU= U - L
, u + L

, U It
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X



set diff

m -
minHat time t let ExiEl Ei
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Analysis
A subset XCIR" is said to have more zeco if KS30,

7 open
cabes U

;
such that the Hi's cover X and I vol(i) < E.

An
open

cabe in IR" is a subset of the form (a, d) X .. - X (an
, bu)

Its volume isrol: (biral. .
Examples: 1) Q IR is of measure zero.

2) More generally , any
countable X is of measure gero.

3) (R= 1 x 303 <IR has measurezecr.

·Denim c use countable coure
,
thike by diminishing tickness , e

.g.

: If t : H->V is a diffeomorphism between open subsets of IR" and Scl of

measure zero ,
then f(s) also has measure yes

Prop: A countable union of set of measure yes is measure zero-.

If : Zich = 1

Let : Let X be a smooth manifold. A subset S&X has measure zero if Lot every chart--

14
,
4) on X

,
the set y(US) has measure zezo.

Ihm (Seel) :

If F : X-Y is smooth
,
then the set of critical values of F,

dialed Ci
,

has measure zes0 in
Y
.

Remark : We're not claining anything about F"(<+
) ; e

.g .

let c : x+ Y

be a constant
map ,

dimX
,

dimY < 0. Then
every
xcX is a criticalpt to c.

Cor : It Z X is a submanifold with din Z < dimX,

then I has measure zez0 in X.



Ef : 1 : E + X
, the for any zzz, diz :TzE +TzX is not sinjective since din ZidimX,

so z is a criticalvalue
·

Hence
any zez is a critical value and

there's no atters
,
soi has measure yeso.

If f : X -> R is a smouth function with X compact, then it has at least 1 criticalpt
.

Ref : The Alessian of a function f : U="-IR is the matix My = (xi) -

Def : A critical point xcH for +:-R is degenerate if det He
+

+ 0.

I
It X is a manifold, then we can define non-deg critical points for a smouth

function using clists . By the chain rule ,
this is independent of charts.

Ref : A smooth function f : X+I is se if all critical points are non-degenerate.

Ihm : Any manifold has a Morse function.

Im : The set Moise functions on a compact manifold is dense and open in the space

of smooth functions.

Im : If X < /R
,
then fre any smooth f :X-I

,
for almost all lineas maps

L : /R -> I
,
f+L is Morse.

Notation : D" is the closed ball in IR" and OD" = S

Def : An penn-cell is an open ball DYOD".-

An open n-cell in a topological space X is an open
I homeomorphic

-

to an openn-cell

A cell decomposition of a top . SpaceX is a disjoint union X =Nei ,wewe--

I is an index set and each ei is an n-cell for some n.

ExS = S "13P3 WEP3



Ret : It to :" -> X is continuous
,

then we can attach an u cell about t to X

as follows : X U
,
D" : = X w D /r

,

where is defined asxry

for x + X and ye S"" is x = fly) . f : S"" -> Spt3 = X

-p .

- CoExample / ~

.
max f XWDF·-C

B - Ndex 2 - x
2 -y2

Pe
·->bsaddle/I~index /

Fr -
x2-y2(pts. &·- &

P,- index / x2 - y2min-- O
- indexoS'xS I

IR
x

>

y2

· hi 0 : [((-0
, h)) = 0

ho:Flo,)=<Po hereepos
. .ab:Flah) or

attached I cell to the previous presee

- --

· (eh : f(6-0
,4)) = - --Lall--

The index of a Morse function is the dimension of the space of

negative eigenvatues of Hy .



tec10-2/15 Wrap upMorse, embedding thms into Evelidean spaces.

Moise Comma : Let f : X-> IR be a Moise function and Xo + X a criticalpoint.

Then these are coordinates such that F(x...., <2) = f(x0) -*** +En e
Ref In the above notation

,

X is the index of to

Let Let Y< X be a subspace of a top space.

We
say
that Y is a formation retract of X if there is a homotopy

H : x x1-> X such that H(x
, 0) = x x xX

H(x- 1) +Y and My , 1) =

y Ky .

The (1st fundamental thm

Let f : X-IR be Moise. Let a ,
beIR

,
a< b.

.
Assume f (Ia,bl) contains no

critical pts. Then E((-0
,
3) is a deformation retract off"(-00, bl)

Ihm (Read) compact
Let f : X-> be a Moise function with only two critical points.

Then X is homeomephic to saiex.

The 12t fundamental thm (

Let + :X-RR be a Morse function and <Eli a critical value
,
f(x) = c.

Suppose the index of to is x
.

Then let 20 be such that f'(Ic-E
,

<+1) contains no atter

critical points. Then f "(C-00,
<+ 2]) is obtained attaching a x-cell to f"((- 0

, c-2]).
lup to homotopy)

Ret Let X be a smooth manhold. If [Ui3 is an open cores of X
,

we say that

a family of smooth, non-negative functions 9: "X-> R is a tition of unity
subordinate to [Ui3 if :

1) supp(Si) Ki 3) [S = =

2) W x = X
, only finitely many Si(x) to



Ihm : Any part smouth manifold admits an injective immersion (embedding) into some /R
.

Let (i +i) be a firite cover of X by charts and let [Si3 be a partition of unity
"k

subordinate to (4: 3.

If: We can define a map F : X-s(RN
= k(dem X + 1)

x + (f1(*) 41(*)....,S Yx(), f, (x)
,.

--

, fu(z)
-

ThenF is an injective immersion. each is a dim X-taple

Injectivity : if F(x) = F(y) = g,
(x) = S, ly) and hey S1(x) #0,

then since (f, 4)(x) = (3, 4, )(y) => 4,
(x) = Y, (y) => x = y .

Immersion : If dFx() = 0
, then (dgilx (v) = 0 Fi

,
and by the product rule

(di)p(v) 4i(x) + fi(x) (d4i)x(n) = 0 Fi = 9,
(x)(dyi)y(v) = 0

-
O

=> (dyix(v) = 0 since Si(x) #0 for some i => V = 0 by 4 differrphism.

The : Any x-dimensional, compact manifold embeds into I
*

and immerses into 12.

If : Let F : X -> IR" be an enbedding. We are claiming that for almost all
N-1

o
* (0] EIRIP""

,
the composition Fas T<] F

: X-R is an embedding of N < InH,

where My : IR"-> IR""is the Orthogonal prvijection.
&Injectivity Immersion Let TX=LT+

X = [(X,v) : VeT
xX .

--

If Fig (x) = Ftry(y) Then TX is a 24-dim manifold and it has a

E) (E) (F(x) - F(y) = 0, i . e
.,

natural projection p : TX-> X,

(x
,
v) +-> x

[F(x) - F()) = [v] in IRIDN-

.

Then dF] : TX -> TR"" = RN"x/RN-
By Said, we see the set of

If (dF(>)
y
(2) = 0

,
then TEvy (dF)x (2) = 0 TX)(, ·) +IRIpr

-

such [v] is of measure yes. ↓ (x,2) +> [dFx(w)]

=> [(dEx) (2) = Ir] in RIP
""

hence by said the set

of seech [r] has measure zero since In < N-1.

↳ Reduce TX to SX => dir : In -> In - 1 => In -1 < N-1



Lecl-2/20 Embedding results in the noncompact case.

Continuing from last time : (Certiging)
N - 1

Flo = ii) · F : looking Joe [v] < IRIP St. Fr (x) = Fing(y) fore some x
, y c X

,
x +G.

=>F(w)(F(x) - F(y) = 0 > F(x) - F(y) is parallel to v
.
i

. e.

[t(F(x) - F(y)] = (v] diagonal
N -1

This is expressable as the map XXX/AIRPx - F(D)

dim(XxX/1) = 2 m
.
dim RIN" = N-

. By assumption ,
2n = N-

=> map is not serjective for almost choices of 10) by Seare's Theorem
,

i . e,

choosing205 in the complement.

Non-compactcase : We need to show that there is an injective immersion into some R for a start.

Def : An entionSunction on a manifold X is a smooth f : X-> R such that

for all a c R
,
the preimage ['(l-, a3) is compact.

Such auf is proper.

Prop: Any manifold X admit such an exhaustion function.

If: Let SMiBieN be an open cover of X and let

EV
; 3 be a (locally - finite) refinement of Skil enc that V; are compact. (Nacis -Ui)
Let [Si3 be a partition of unity subordinate to EUis and so that Silvacis 7.
Take a sequence aiEIN ,

him Ei = 0
.
Set fixI dise

Fix azIR . Then there is neN sit
. aia ficn.

We claim F'(l-0, a)) = f(10, a)) EU Vacis

This is because for %
.

>n
,
f(x) = I Gifi(x) =I 9: Si(x) + 9..a for x E Valid

i), 7



Ihm : Any X admits an injective immersion into some IRV.

PE: Letf be a non-negative exhaustion function on X.

Let [li , ti)3 be an open cover by charts ,
indexed by I.

Deline Yi = f "(i ,
i +1]) .

Let 3 >0 be small enough (e. g. = to

and define Xi = f ((i-5
,

i + 1 + 3) (U,
1 .... Unit where H

,
U - -OUni_ i

So Xi is an open neighborhood of Bi. It is also covered by finitely many charts.
N = 2dXi + -

Hence we get an injective immersion4i into Euclidean space for Xi .

Be proj Nodes.

For each i, take a smouth non-reg . function o : X -> I such that Oily,

" I empp
&: Xi

2N + 1 bu function
The the mep

F : X-IR
x +> (I, %

. (4i(x),I 0:(4: (x)
, +(x) -> Consult pot from last Lecturea

even i

is an injective immersion
.

I

So if we have an injective immersion, by the projection construction, we get an

injective immersion F : X-> R2dix
+

·

It needn't be proper .

We
may assume (F(x) = 1 * x +X (by taking a differ ,

e
.g.

+ +F

Take an exhaustion function + : X-IR (non-negative) and define a new map
2dinX + 2

G : X -> I

- (F
,
f TherreduceMedimensionafRedixtbgenengsuppose (2)=

and the last component of ~ is not =
1.

2dimX + 1

Then Ging := Ecry -
G : X-> IR is a proper injective immersion ,

so

an embedding. Pf: Let KREdin
*

"be compact .
Then choose an a <o so that

K 1 EX : /X2dx+
/ = a 3

.

Want to show Cig (K) is compact. Since [(0)(x) = x - (4
,
2) ~

=> G(n)(x) = G(x) - (2()
,v)v = (F(z)

,
f(x)) - ((F(x)

,
fe)

,
(W',Weaxn() (v,Waxi),

where v = (5,V2anxx
)

,
= (F(x) , f(x) - (F(x) : 2+ f(x) V2dnx+

)(W' Uzamx+ 1)

So
, G(v)(x) = (*, f(x) (1 - We ex +1) - (F(x) -2) Vadax +1) JA20 such that Aatext
G(j(k) < f ([-A

,A3), which showe that G(K) is compact.



tec12-2/22 Manifolds with boundary
orifyingproof from last time

G = E

,
0 G = G-1G,vie K[[x : /2x +

/ = a)
,
K compact in RR2dX

+

Goal : G (K) compact. xK
z

-

=> Gg(x) = (F()
,
f(x) - ((F() , f(x)

,

(v, Vadix +
) Y (v, Vedix + 1)

= (*, f(x) (I-Vaxn) - (F(x) .2) V2dix +1)
By D inequality ,

we get

If(x))(1-Vxx) - /(F(A) .2)Wax+ /ea((/(l-vidxx) - 1 Ec

=> f(x) =At =: A = G- (k) = f"([- A
,A)) -> Compact t

MumellswillBoundaruge
upen half-plane Ie

Amifoldwith boundary is a topological space
X with an

open cover by charts : (i
, Pil ,

where 4, i li -> Pilli) = He

are honeomorphisms and transition functions are smooth.

Examples
o
②G-pair of paso

/Def Let X be a manifold with boundary of dinX = n.

Then Int(X) is an n-din manifold (without boundary).
Let OX be the set of xeX sit

. I a chast (y
,
2) with xcU and P( E OHn.

Then OX is well-defined and is a manifold atcim -I
.

If : OX is well-defined because if(V, 4) is another chart and 4(x40Hn,
then we get a differmorphism between an open disk and a helf-disk ,

which is a

- --. since the latter is not open in IR"
,

contradition
⑭

Aside : In feet
,
IR and Hn are not honeomoxplic ,

e .g.
in (IR pt) # 0

, While in (H)pt) = O
.



Def The tangent space to a manifold with boundary is

the equivalence class of corres 0: (5
, 0] -> X or 0 : [0, 2) -> X st

. 010 = x
-

under o
. 02 iff 0' (1) = 0' (1)

This is introduced to deal with nimal vectors at the boundary
Lemma Let X be a manifold and f : X-R a smooth function

with regular value a
.

Then Z = f (1 0
, <3) is a manfold with boundary 02 = -"(a).

If Since a is regular , f looks like the canonical projection out the last coordinate

it : (x
...., xn) # Xn

,
x = dimX (-0

,
a]

↓

So aroundNotf'(a)
,

we have a chart 4 : U -Y(U)
,
plunz) = H

In (Sard)

Let f : X-> Y be a smooth map where X is a manifold with boundary
and Y is a manifold (so dY = 4).

Then the set of critical values for t
. C has measure zeo.

Ef : f delines 2 smooth maps .
to : Int(X) + ↑ and Of : = flox : OX+

Y
.

bothhave sets of critical values at measure zero ,
so we get C

+
is of measure zer

↳ usual Sard

Im Let X be a manifold with boundary ,
Y a mainfold (DY = P and fixxY smouth

.

If Z <Y is a submanifold and + HZ
,
and Of HE

,
than f(2) is a submanifold of X

with boundary 0 (f'(z) = f (2) OX = Of (2)

If : The question is local
,

so we may assume X Hn and Y =I

If x + f (2) is not on the boundary of X ,
we are done by transversality in the

care of manifolds without boundary.

Suppose x+f (z)M OX
.
Then we have an extension of

,
denoted I :U-R where is an

open ball inI and x + 21
.

Then
,

since dfx = dEx
,
we see that INE locally.



By transvercality ,
we get that I'(z) is a submanifold of IR",

and we claim that I "(z) + Hu = f (z)
.

Finish next time-



Tangent space i e Y
DefTangentSpaceto amfdw boundary is thespaceof equivalence
classesofcurves

under

a as

hemma

Let X bea manifoldand f X IR a smoothfuncwithregularvalue at R
Then 2 f l o a isamanifoldwithboundary dZ f a

IIe a isregular f lookslikethecanoicalprojectionontothelastcoordinate
THXi Xn Xu soaround a wehavethechart Y U Y U Hn

The Sard

let f YbeasmoothmapwhereX is a manifoldwith
boundaryandy is amfd so dy
Thenthesetofcriticalvaluesfor f f

hasmeasure0

II f defines 2 smoothmaps fo Int Y

df flax day

Ihmboetfh ee0 sowegetG measure 0

The LetXbeamanifoldwithboundary y amtd dy and

f y smooth if 2Ey is a submfdand f X Z and 2 ft 2 thenf Z is
a submanifoldofX withboundaryd f Z f 2 n2X

I localquestion mayassume Hnand y IR if f Z isnot
ontheboundarywe'vedonebythepiertransversality

13 Authez : Persy



Suppose f Z ndx

Thenwehaveanextensionof f denotedby F U 112m

Where U is openball in IR and e U

Thensincedfx d f weseethat I 2 locally

bytransversality wegetthat Fiz is a submfd of IR andwe
claim FtanHn flz

w̅
Define Tin W IR

ix Y IX Xr

www.sina want it

i.it fjerSuppose 0 isnotaregularvalueHencethereissome ETI110 st dry o T1x 0

Bytransversality codim TxW codinExitTaxy
Notethat TxW dfx TfixZ

ByassumptiononX weseethat TxW ddfx TfixZ

since If I 2 Codin TxWTxÉ̅ dim TfixZTaxy
contradict GE D

classification of 1 manifoldandapplication
The Topologicalmanifold
PAnynoncompactconnected 1 manifold w o boundaryis homeomorphicto k

2 Any noncompact connected 1 mfd w boundaryishomomorphicto o e

3 Any compact connected 1 mtdwoboundary isHomeomorphicto s
4 Any compact connected 1 mfdw boundary is homeomorphicto oil

&
= Des

i⑰in



Tha
Anytopological 1 mfdadmits auniquesmoothstructureand

thereforetheclassificationthenholds inthecategoryofSmithmfd

Let X bea compact 1 mtd w boundary then

HX
0 modd

pts in dx if s o pts
interval

17 2pts
boundary 1 hunday2

letXbea compactunfd v boundary i dx X

then i doesnothavea left inverse nie thereisno r sit
r X D roi day

Pf Assumesuch exists then let Zed be aregularvalue
Then if n dimX weseethat

Codin r z X Codin 21DX n 1

dim r z 1
n t

becauseof roildy sothereis
contradiction

only 2 here

need even numberofpts on boundary

J r a p E Adx
23 since roiid.ge

if2 tax Nz 2ricz 2 Onept

⑭
willme
-



Cor W B fixedptthin

LetB betheclosedball in R any f B B has
afixedpt vie 7 E B fix x

Refine g B s l assume f hasnofixedpt asfollows
forany E B

guy

fix

let gex fix t x fix for some tx 1

Observethatbycontradiction gg i Idg

WeWTSthatg issmoothtxvaryssmoothy w X
Write

gix text I tx fix tx x fix fix
is Ex Ix fix atx x fix fix Ifix112

Tx is apositivesolato
t Ix fits2 atx x fxDfix H 1

and hence a smoothfuncofX

Thegenericity oftransversality
LetXbe amfdw boundaryandlet sandy bemfd
Suppose F Xx S y bea smthmapand 2bea submfd
of y and FA 2 2 F 2 thenforalmost s t S

Sg FC is D Z and 2ft Z-



Pf We'regoingtoconsider a pullback diagram

W Z thenwe'regoingtoshowthat

I thefollowingareequivalent

1 SES is aregularvalueoftheprojection
TheW S

2 SES fsX Z and2ft Z



↳14-2/29

Im (Genericity of Transversality
wo

Let F : XxS-Y = Z
,
and FHZ

,
OFNz

Than t := Fl=, s) HE and OfsHz for almost all seS.

If: Consider the diagram
W= z The claim is :

f
in (xtsE, 4

+ E
,
+2 it s is a regular value ofi.

- 2) Of
,
HE if 3 is a regular value of OTW.

(Pf of 1 => 2)
.

fot1) Assume SeS is a regular value of Tw.

WTS In dits) + TF(& = TF(xsY,
where x EX.

We know that FHz = for
any o in TFkx)Y

,
there are

(W
, Wa) E T(x

,
x(X + 5) and WeTFx E such that dis (v

, 2) + w = w

We'd like We = 0
,
but it wouldn't be the case automatically.

Since s is regular , we get a vector (vi,2) ThxW such that (dFwl(x, /Vi, W2) = Uz.

Then the rector v
.
-W! is our desired solution,

(since d(ts)x (v,- ) + n = dFg(v ,We EFr
=> we can modify i by dFix. s (vi, U2) E TFxsI to get one we TFxsY · A

Given f and I
,
how do we construct each deformations F ?

If f : X + RRW
,

then we can simply take F : Xx1
*
-> IRN

(x, s) ++ f(x) + S

This is G submersion
,

so transverse to anything we like.

-EXEMN:

Ky Ser Smeg Y
(x,

x)1 > f(x) + sH y



Normalbundlee lat 2 X be a submaril.e. TX/z/Tz
di

Then we have an exact
sequence

0 -> T2 => TX2 -Con (d) -> 0

Bot Themindbandle of the embedding 2 : z -> X is NzX : = TX/z/TZ.

If XCR"
,

we have TxX EIR" ExeX
. TzcTX/z

↓Then we define NX/R4
,

x

== (Tx X)
+

and their unionWix NX/1R"
,
x

z

is called the normal bandle of X in RP.

Emp Let XEIR" be a submanitate
.

Then NXIR is a submanifold of XxR
*
of dimension b

and the canonical projection it : NXIR-> X is a submersion.

If If A is a linear map ,
A : IR"-> IR"

,
than its transpose is At defined (Ar

,
w = <r,Ate]

At : 1"-IR" and Im (At) = (bea(All" if A serejective .
Moreover

, if A subjective,
AAT : /R"-> IR" is in GLn(RY) ,

i
. e. invertible

.

Let UEIR" be open
and y a submersion 4 : M -> R

*

such that 4(d) = <0 X.

Then set NX/M(U) = Nyrh 1 (Ux1R"). Note that TX = he(dyx) Xx UnX.

Deline two maps :2 : UxR -> UxM
*

(x,2) +> (x
, dexcut)

E : UxR" -Ux R
"

(x
,
w) > (x, (ex)"(2).

Than
,

since x + des-dy is smooth
,

we see that T is a differmayshism.
unx -> GLu((R)

So I is a differmoxphism onto its image Nxxuli) and i : Nx13(2) ->UXR

is our chart.


